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regular STARK

(p — 1 smooth)

A,

p(x) € Fp[x]
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(any p)
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M3/M17 Circle Group

Applies to M31 p =231 —1

=] F = £ DAl
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uint64_t reduce(uint64_t x) {

return (x & MASK) + (x 31);
}
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The circle curve

simpler construction for p + 1 smooth

C:x>+y*=1

B(cos x, sin x)

C [cos(x + y), sin(x + y)]

D [cos(=p), sin()] ~—
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The p+ 1 points of C (Fp)

Group Operation

(x0,¥0) - (X1, ¥1) == (X0 - X1 — Y0 - Y1, X0 - y1 + Y0 - X1)

The group has (1,0) as its neutral element, and for any P = (Py, P,) in
C (Fp) we shall call

Tp(x,y) = 'D'(X>Y):(PX'X_PY'yvpx'y+Py'X)
the rotation, or translation by P.

The squaring map with respect to the group operation is the quadratic
map

T(x,y) = (xy) (xy)=(F=y22-x-y)=(2-x¥* = 1,2-x - y)

Group inverses are given by the degree-one map

J(X7y) = (X7 _y)
Circle STARK November 10, 2024 8 / 42
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Definition (twin-coset)
Let G,_1 be a (cyclic) subgroup of C (F,) of size |G,—1| =2""1,n > 1.

Any disjoint union D = Q - G,—1 U Q71 - G,_1 with
Q-G,-1NQ 1 -G,_1 =0, is called a twin-coset of size N = 2".

Definition (standard position coset)

A twin-coset D is again a coset of the subgroup G,.

Lemma

If D is a twin-coset of size N = 2" n > 2, then its image w(D) under the
squaring map 7 is a twin-coset of size N /2.
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Lemma

There is an isomorphism between the circle curve C (Fp,) and the
projective line P! (Fp).

For any finite extension F of F,, the number of points of the circle curve
over F is |F| + 1.

Proof.

The isomorphism is the stereographic projection onto the y-axis with
center (—1,0), defined by the equations

y 1—t% 2.t
t=—— = —
xr1 &Y <1+t2’1+t2>
Under this isomorphism (—1,0) is identified with infinity of the projective

line, and the two curve points co = (1: +i:0),50 = (1: —i:0)
correspond to t = =i. ]
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The space of polynomials and Circle Codes

Definition (The space of polynomials)

Let F be an extension field of F,. Over the circle curve, for any even
integer N > 0 we define Ly(F) as the space of all bivariate polynomials
with coefficients in F, and of total degree at most N/2,

£n(F) = {plxy) € Pyl (4 y2 ~1) s degp < 5 |

Definition (Circle Code)

The circle code with values in F and evaluation domain D, is linear code
with code words from the space

Cn(F,D) = {f(P)lpep : f € Ln(F)}
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Vanishing polynomials

Let D be a subset of C (F,) of even size N, where 2 < N < p+ 1.

Definition (vanishing polynomial)
Any non-zero polynomial from Ly = Ly (Fp), which evaluates to zero

over D a vanishing polynomial of the set D.
V(D) ={veLly:v|p=0}

Decomposing D into pairs of points {Pyx, Qx},1 < k < N/2, and taking
the product of linear functions going through these pairs,

N/2

vo(x,y) = [T ((x = Pex) - (Qky = Piy) = (¥ = Picy) - (Qex — Pix))
k=1
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Vanishing polynomials of FFT domains

Given a twin-coset D = Q- G,_1 U Q"1 G,_1, where n > 1,
its image under the power map 7”1 is a twin-coset of size two
7" 1(D) = {(xp, £yp)}-

Definition (vanishing polynomial of D)

VD(Xa)/) = Vn(X?y) — XD

with

v,,(x,y) ‘= Tx O ﬂ_n—l(X’y)

where 7, is the projection onto the x-axis
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Notice that whenever D is a standard position coset, its image 7"~ 1(D) is
again a standard position coset and thus xp = 0. In this case the
vanishing polynomial vp is v, itself.

vi(x) = x

wx)=2-x*-1

V3(X):2'(2‘X2—1)2— =8-x*-8-x*+1
v(x)=8-(2-x2-1)" 8- (2.x2—1)* +1

=128 -x8—256-x%+160-x* —32-x2 +1
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The sequence of domains

Chain of 2-to-1 maps

TTh—1 uw)

D, —"— Dp_1 > Dy Dy
ltn ltnq ltl
F F F
Dy
D,/J —— Dp_1/J —— Dp_2/J — —— Dy/J
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Circle FFT

S, - Ty Sn 1 — LI S1

In the first step,
f(x,y) = fo(x) +y - fi(x)

f(XaY) + f(Xv _y)
2
fF(x,y) = f(x, —y)
2.y

fo(x) =

fl(X) =
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Dn

v

Sp — Spo1 — — S
In the other steps, we receive a function fko,...,kn,j € F3 from a previous
step, where 2 < j < n.
f(x) = fo(m(x)) + x - fi(mw(x))
f(x)+ f(—x
f(a(x) = (LI

_ f(x) = f(=)
2-x

m(x) =2 x> —1.
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Theorem

Given f € FP a function over D with values in an extension field F of Fp,
the above described algorithm outputs the coefficients
cx € F,0< k <2"—1, with respect to the FFT basis, so that

n_
* ol ¢k - by evaluates to f over D.
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FFT-basis

Definition (FFT-basis)

For any integer j from the interval 0 < j <27 — 1, let

(os - - -sJn—1) € {0,1}" denote its bit representation, satisfying
j:j0+j1'2+...+jn_1‘2"_1.

The FFT-basis of order n is the family B,, of polynomials

b}n)(x,y) =yl (P VT (x), 0<j<2"—1

n

where vi(x),1 < k < n—1, is the vanishing polynomial of the standard
position coset of size 2K

n=2: basis: [1, Y, X, X % Y]
n=3: basis:
[LY, X, X*xY, 25 X2 = 1,25 X?xY =Y, 25 X3 = X, 25+ X3x Y — X x Y]
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CFFT in Python

def fft(vals, domain=None):
if len(vals) == 1:
return vals
if domain is None:

domain = get_initial_domain_of_size(vals[0].__class len(vals))

half_domain = halve_domain(domain)
if isinstance(domain[@], tuple):
left = vals[:len(domain)//2]
right = vals[len(domain)//2:]1[::-1]
f0 = [(L+R)/2 for L,R in zip(left, right)]
f1 = [(L-R)/(2xy) for L,R,(x,y) in zip(left, right, domain)]
else:
left = vals[:len(domain)//2]
right = vals[len(domain)//2:1[::-1]
f0 = [(L+R)/2 for L,R in zip(left, right)]
f1 = [(L-R)/(2%x) for L,R,x in zip(left, right, domain)]
o = [0] * len(domain)
o[::2] = fft(fe, half_domain)
o[l::2] = fft(fl, half_domain)
return o
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ICFFT in Python

def inv_fft(vals, domain=None):
if len(vals) == 1:
#print('o', vals)
return vals
if domain is None:
len(vals))

—

domain = get_initial_domain_of_size(vals[@]._ class
half_domain = halve_domain(domain)
fo = inv_fft(vals[::2], half_domain)
f1 = inv_fft(vals[1::2], half_domain)
if isinstance(domain[@], tuple):
left = [L+y*xR for L,R,(x,y) in zip(f@, f1, domain)]
right = [L-y%R for L,R,(x,y) in zip(f@, f1, domain)]
else:
left = [L+x*R for L,R,x in zip(f@, f1, domain)]
right = [L-x*R for L,R,x in zip(f@, f1, domain)]
return left+right[::-1]
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Example

Let G = (A, B) be a circle generator of order 16 . The circle domain of
size 8. Interpolate a set of values by a circle polynomial from F,, | x,y]§4

fix,y)

/ \
\ /
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Example
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Example
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Second decomposition

fo(x) = foo (2x2 — 1) + x - for (2x2 — l)

_ hlx) + (=) fo(x) — fo(=x)

foo (2x° —1) 2 2x

for (2x* — 1) =

\
o \

\

\

\

\

\

-~ %07
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VRN

( foo(2x? = 1) )

N/
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Third decomposition

x) — foo(—x)
2x

foo(x) + foo(—x)
2

foor (252 — 1) = 22

27 3
f = — f = —
000 = 7~ Too1 = 7=

fooo (2x* — 1) =
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Full decomposition

flx,y) =

// First decomposition

Jo(z) + yhi(z) =

// Second decomposition

[fw(21‘") - 1) + zfo1(22% - 1)] + y [fro(22% — 1) + zf1,(22* — 1)]
/ Third decomposition

[(fooo + (22% — 1) fonr) + x(foro + (22* — 1) fonr)] +
y [(fioo + (222 — 1) fin) + z(fr10 + (22° — 1) fin)] =

// Ezpand the terms

Jooo + foo1(22% — 1) + forox + for1(22% — 1)z + freoy+

Hoy(22* — 1) + fueyz + finy(22® - 1)z =

// Substitute our values
27 3 11A49C ~11449C
L4522 -1)- =5z + —gpr-z(zt-1)+ -

o S = E Dac
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The circle FRI

@ Commit phase:

» (Decomposition.) The prover compute the decomposition of
feLly(F)intof =g+ X-v,with g€ Ly(F)and A € F. It sends A
to the verifier.

» (Folding.) For each j =1,...,r, the prover holds a function
gj—1 € F-1 from the previous round. (In the first round go = g.) It
receives a random challenge )\; < $F from the verifier, and uses it to
build the random linear combination

8 = &i-10+ A g-1.1

g-1+(g-10Tj)
2
gi-1—(g-1°T))
2.t

§j-1,0°Tj =

g-11°T; =

The prover sets up the oracle for gj, and sends it to the verifier. (In the
last round, the prover sends g, ;1 € £, in plain.)
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@ Query phase:

» The verifier samples s > 1 queries uniformly from D. For each query
Q. we write Qy = @ and consider its trace Q; € S;,j =1...,n, under
the chain of projections 7; : 5;_1 — §;.

» The verifier asks the oracle for the values of f at Qp and T3 (Qp), and
of gjat Qjand T;(Q;), for j=1,...,r.

» It takes the answers to check whether each g; was properly formed
from gj_1 via the folding , using gg = f — A - v, and the equations
above for j=1,...,r.

If the oracle answers satisfy these checks for each of the s queries,

then the verifier accepts. (Otherwise, it rejects.)
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Batch Circle FRI

The IOP for a batch of functions fi,...,fi € FP having correlated

(1 — 6)-agreement to a codeword from Cy(F, D), is as follows.

In the first step, given a random challenge \g < $F from the verifier, the
prover computes the values of the linear combination

L

F=> MN'f

k=1
over D.

Now, both prover and verifier run Protocol Circle FRI on f, with its query
phase extended by a check of the new equation at each of the s queries Q.
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Circle STARK

Trace domain H (coset of) a subgroup of C
Definition
The trace domain is the standard position coset

H cC C(Fp)

of a cyclic and proper subgroup G = G, of the circle curve C (F}), of size
N =2" with n > 1,

The trace is organised column-wise ty,...,t, € IF;,V, each placed over the
domain H in the usual manner, using the group translation T by a
generator of G for the timeline.

The trace columns (witness data) are interpolated by polynomials

P1,---sPw € ]Fp[x7y]/ (X2+y2 - 1)
of total degree at most N /2, meaning that p; € Ly (Fp) (actually, they

are from the FFT-space £/, (F,) ),
Kurt Pan (ZKPunk.pro) Circle STARK November 10, 2024 36 / 42
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These polynomials are subject to a set of constraints, say

Pi(5f7p17"'7pW7ploT7"'7pWOT):O

fori=1,...,C, holding over the entire domain H, and where
si€ Ly (Fp) is a predefined selector polynomial.
Each constraint is a polynomial

P,’ EFP[S,Xl,...,XW, Yl,...,YW]
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The polynomials ps, ..., pw, as well as further ones provided in the course
of the protocol, are committed by their values over a larger evaluation
domain D C C (F,), a standard position coset of at least double the size
of H.

In other words, the prover commits to code words of the circle code Cn(D)
with values in the prime field IFy,, or some finite extension F of it. Being
again in standard position, D is disjoint from H, and we assume that

1Dl _

— 2B
|H]

for some B > 1.
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Circle IOP for AIR

@ The prover sets up the domain evaluation oracles [p1], ..., [pw] for
the values of p1(X,Y),...,pw(X,Y) over D, and sends them to the
verifier.

@ Upon receiving a randomness (3 < $F from the verifier, the prover
computes the domain quotient gg(X, Y) € F[X, Y] of degree
< (d — 1) - |H|/2 satisfying the identity

C
Y BT Pi(siprepw (proT) .o (pwo T)) = g5 - vy
i=1

and decomposes it into segment polynomials

qsj(X,Y) e F[X,Y],j=1,...,d — 1, each of degree < |H|/2, and
the dimension-gap scalar A € F, with respect to a union of twin-cosets
H= Uf;ll H; having overall size (d — 1) - |H|. It sends the oracles
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(sl [ap.d-1]

for their values over D, and X to the verifier. The overall identity to be
proven is therefore

C
Zﬁlil‘Pi(siapla---apwv(plo T)a"'a(pwo T))
i=1
d-1
=vy - /\'VI:I+ _H'qﬁJ
=
@ The verifier samples a random DEEP query, i.e. a random point
v «— C(F)\(D U H) drawn uniformly from the circle curve over the
extension field F, and sends it to the prover.
The prover answers with the evaluation claims
(7,vi1),(T(y),vi2),i=1,...,w, for the witness polynomials
pi(X,Y), and (v,vj), j=1,...,d — 1, for the segment polynomials
q8(X,Y)
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© Both prover and verifier engage in the batch circle FRI for the real
and imaginary parts of the DEEP quotients,

Re /Im <7pi _ Vi’o> ,Re /Im (—pi _ Vi’1>
Vy VT(v)

foreachi=1,...,w, and

Re /Im (7%’,1 _ V1> ,...,Re/Im (—qﬁ’dl _ le)

vy Vy
which is a joint proximity test to the circle code Cn(F, D), where
N = |H|.

If circle FRI passes, and if the evaluation claims satisfy the overall identity
at (X, Y) =, the verifier accepts. (Otherwise, it rejects.)
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Thanks! Kob-khun kub!
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