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M3/M17 Circle Group

Applies to M31 p = 231 − 1
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The circle curve

simpler construction for p + 1 smooth

C : x2 + y2 = 1
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The p + 1 points of C (Fp)

Group Operation

(x0, y0) · (x1, y1) := (x0 · x1 − y0 · y1, x0 · y1 + y0 · x1)

The group has (1, 0) as its neutral element, and for any P = (Px ,Py ) in
C (Fp) we shall call

TP(x , y) := P · (x , y) = (Px · x − Py · y ,Px · y + Py · x)
the rotation, or translation by P .
The squaring map with respect to the group operation is the quadratic
map

π(x , y) := (x , y) · (x , y) =
󰀃
x2 − y2, 2 · x · y

󰀄
=

󰀃
2 · x2 − 1, 2 · x · y

󰀄

Group inverses are given by the degree-one map

J(x , y) := (x ,−y)
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Definition (twin-coset)

Let Gn−1 be a (cyclic) subgroup of C (Fp) of size |Gn−1| = 2n−1, n ≥ 1.
Any disjoint union D = Q · Gn−1 ∪ Q−1 · Gn−1 with
Q · Gn−1 ∩ Q−1 · Gn−1 = ∅, is called a twin-coset of size N = 2n.

Definition (standard position coset)

A twin-coset D is again a coset of the subgroup Gn.

Lemma

If D is a twin-coset of size N = 2n, n ≥ 2, then its image π(D) under the
squaring map π is a twin-coset of size N/2.
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Lemma

There is an isomorphism between the circle curve C (Fp) and the
projective line P1 (Fp).
For any finite extension F of Fp, the number of points of the circle curve
over F is |F |+ 1.

Proof.

The isomorphism is the stereographic projection onto the y -axis with
center (−1, 0), defined by the equations

t =
y

x + 1
, (x , y) =

󰀕
1− t2

1 + t2
,

2 · t
1 + t2

󰀖

Under this isomorphism (−1, 0) is identified with infinity of the projective
line, and the two curve points ∞ = (1 : +i : 0), ∞̄ = (1 : −i : 0)
correspond to t = ±i .
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The space of polynomials and Circle Codes

Definition (The space of polynomials)

Let F be an extension field of Fp. Over the circle curve, for any even
integer N ≥ 0 we define LN(F ) as the space of all bivariate polynomials
with coefficients in F , and of total degree at most N/2,

LN(F ) =

󰀝
p(x , y) ∈ F [x , y ]/

󰀃
x2 + y2 − 1

󰀄
: deg p ≤ N

2

󰀞

Definition (Circle Code)

The circle code with values in F and evaluation domain D, is linear code
with code words from the space

CN(F ,D) =
󰀋
f (P)|P∈D : f ∈ LN(F )

󰀌
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Vanishing polynomials

Let D be a subset of C (Fp) of even size N, where 2 ≤ N < p + 1.

Definition (vanishing polynomial)

Any non-zero polynomial from LN = LN (Fp), which evaluates to zero
over D a vanishing polynomial of the set D.
V(D) = {v ∈ LN : v |D = 0}

Decomposing D into pairs of points {Pk ,Qk} , 1 ≤ k ≤ N/2, and taking
the product of linear functions going through these pairs,

vD(x , y) =

N/2󰁜

k=1

((x − Pk,x) · (Qk,y − Pk,y )− (y − Pk,y ) · (Qk,x − Pk,x))
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Vanishing polynomials of FFT domains

Given a twin-coset D = Q · Gn−1 ∪ Q−1 · Gn−1, where n ≥ 1,
its image under the power map πn−1 is a twin-coset of size two
πn−1(D) = {(xD ,±yD)}.

Definition (vanishing polynomial of D)

vD(x , y) := vn(x , y)− xD

with

vn(x , y) := πx ◦ πn−1(x , y)

where πx is the projection onto the x-axis
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Notice that whenever D is a standard position coset, its image πn−1(D) is
again a standard position coset and thus xD = 0. In this case the
vanishing polynomial vD is vn itself.

v1(x) = x

v2(x) = 2 · x2 − 1

v3(x) = 2 ·
󰀃
2 · x2 − 1

󰀄2 − 1 = 8 · x4 − 8 · x2 + 1

v4(x) = 8 ·
󰀃
2 · x2 − 1

󰀄4 − 8 ·
󰀃
2 · x2 − 1

󰀄2
+ 1

= 128 · x8 − 256 · x6 + 160 · x4 − 32 · x2 + 1
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The sequence of domains

Chain of 2-to-1 maps

Dn
πn−−−−→ Dn−1

πn−1−−−−→ ...
π2−−−−→ D1

π1−−−−→ D0󰁂󰁂󰁼tn

󰁂󰁂󰁼tn−1

󰁂󰁂󰁼t1

F F F
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Circle FFT

In the first step,

f (x , y) = f0(x) + y · f1(x)

f0(x) =
f (x , y) + f (x ,−y)

2

f1(x) =
f (x , y)− f (x ,−y)

2 · y
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In the other steps, we receive a function fk0,...,kn−j
∈ F Sj from a previous

step, where 2 ≤ j ≤ n.

f (x) = f0(π(x)) + x · f1(π(x))

f0(π(x)) =
f (x) + f (−x)

2

f1(π(x)) =
f (x)− f (−x)

2 · x
π(x) = 2 · x2 − 1.
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Theorem

Given f ∈ FD a function over D with values in an extension field F of Fp,
the above described algorithm outputs the coefficients
ck ∈ F , 0 ≤ k ≤ 2n − 1, with respect to the FFT basis, so that󰁓2n−1

k=0 ck · bk evaluates to f over D.
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FFT-basis

Definition (FFT-basis)

For any integer j from the interval 0 ≤ j ≤ 2n − 1, let
(j0, . . . , jn−1) ∈ {0, 1}n denote its bit representation, satisfying
j = j0 + j1 · 2 + . . .+ jn−1 · 2n−1.
The FFT-basis of order n is the family Bn of polynomials

b
(n)
j (x , y) := y j0 · v1(x)j1 · . . . v jn−1

n−1 (x), 0 ≤ j ≤ 2n − 1

where vk(x), 1 ≤ k ≤ n − 1, is the vanishing polynomial of the standard
position coset of size 2k

n=2: basis: [1,Y ,X ,X ∗ Y ]
n=3: basis:
[1,Y ,X ,X ∗Y , 2 ∗X 2 − 1, 2 ∗X 2 ∗Y −Y , 2 ∗X 3 −X , 2 ∗X 3 ∗Y −X ∗Y ]
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CFFT in Python
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ICFFT in Python
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Example

Let G = (A,B) be a circle generator of order 16 . The circle domain of
size 8. Interpolate a set of values by a circle polynomial from Fp | x , y ]≤4
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Example
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Example
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Second decomposition

f0(x) = f00
󰀃
2x2 − 1

󰀄
+ x · f01

󰀃
2x2 − 1

󰀄

f00
󰀃
2x2 − 1

󰀄
=

f0(x) + f0(−x)

2
f01

󰀃
2x2 − 1

󰀄
=

f0(x)− f0(−x)

2x
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Third decomposition

f000
󰀃
2x2 − 1

󰀄
=

f00(x) + f00(−x)

2
f001

󰀃
2x2 − 1

󰀄
=

f00(x)− f00(−x)

2x

f000 =
27

4
f001 =

3

4C
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Full decomposition
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The circle FRI

Commit phase:
◮ (Decomposition.) The prover compute the decomposition of

f ∈ LN(F ) into f = g + λ · vn with g ∈ L′
N(F ) and λ ∈ F . It sends λ

to the verifier.
◮ (Folding.) For each j = 1, . . . , r , the prover holds a function

gj−1 ∈ F Sj−1 from the previous round. (In the first round g0 = g .) It
receives a random challenge λj ← $F from the verifier, and uses it to
build the random linear combination

gj = gj−1,0 + λj · gj−1,1

gj−1,0 ◦ πj =
gj−1 + (gj−1 ◦ Tj)

2

gj−1,1 ◦ πj =
gj−1 − (gj−1 ◦ Tj)

2 · tj
The prover sets up the oracle for gj , and sends it to the verifier. (In the
last round, the prover sends gr+1 ∈ L(r), in plain.)
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Query phase:
◮ The verifier samples s ≥ 1 queries uniformly from D. For each query

Q, we write Q0 = Q and consider its trace Qj ∈ Sj , j = 1 . . . , n, under
the chain of projections πj : Sj−1 −→ Sj .

◮ The verifier asks the oracle for the values of f at Q0 and T1 (Q0), and
of gj at Qj and Tj (Qj), for j = 1, . . . , r .

◮ It takes the answers to check whether each gj was properly formed
from gj−1 via the folding , using g0 = f − λ · vn and the equations
above for j = 1, . . . , r .

If the oracle answers satisfy these checks for each of the s queries,
then the verifier accepts. (Otherwise, it rejects.)
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Batch Circle FRI

The IOP for a batch of functions f1, . . . , fL ∈ FD having correlated
(1− θ)-agreement to a codeword from CN(F ,D), is as follows.
In the first step, given a random challenge λ0 ← $F from the verifier, the
prover computes the values of the linear combination

f =
L󰁛

k=1

λk−1
0 · fi

over D.
Now, both prover and verifier run Protocol Circle FRI on f , with its query
phase extended by a check of the new equation at each of the s queries Q.
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Circle STARK

Trace domain H (coset of) a subgroup of C

Definition

The trace domain is the standard position coset

H ⊂ C (Fp)

of a cyclic and proper subgroup G = Gn of the circle curve C (Fp), of size
N = 2n, with n ≥ 1,

The trace is organised column-wise t1, . . . , tw ∈ FN
p , each placed over the

domain H in the usual manner, using the group translation T by a
generator of G for the timeline.
The trace columns (witness data) are interpolated by polynomials

p1, . . . , pw ∈ Fp[x , y ]/
󰀃
x2 + y2 − 1

󰀄

of total degree at most N/2, meaning that pi ∈ LN (Fp) (actually, they
are from the FFT-space L′

N (Fp) ),
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These polynomials are subject to a set of constraints, say

Pi (si , p1, . . . , pw , p1 ◦ T , . . . , pw ◦ T ) = 0

for i = 1, . . . ,C , holding over the entire domain H, and where
si ∈ LN (Fp) is a predefined selector polynomial.
Each constraint is a polynomial

Pi ∈ Fp [S ,X1, . . . ,Xw ,Y1, . . . ,Yw ]
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The polynomials p1, . . . , pw , as well as further ones provided in the course
of the protocol, are committed by their values over a larger evaluation
domain D ⊆ C (Fp), a standard position coset of at least double the size
of H.
In other words, the prover commits to code words of the circle code CN(D)
with values in the prime field Fp, or some finite extension F of it. Being
again in standard position, D is disjoint from H, and we assume that

|D|
|H| = 2B

for some B ≥ 1.
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Circle IOP for AIR

The prover sets up the domain evaluation oracles [p1] , . . . , [pw ] for
the values of p1(X ,Y ), . . . , pw (X ,Y ) over D, and sends them to the
verifier.

Upon receiving a randomness β ← $F from the verifier, the prover
computes the domain quotient qβ(X ,Y ) ∈ F [X ,Y ] of degree
≤ (d − 1) · |H|/2 satisfying the identity

C󰁛

i=1

βi−1 · Pi (si , p1, . . . , pw , (p1 ◦ T ) , . . . , (pw ◦ T )) = qβ · vH

and decomposes it into segment polynomials
qβ,j(X ,Y ) ∈ F [X ,Y ], j = 1, . . . , d − 1, each of degree ≤ |H|/2, and
the dimension-gap scalar λ ∈ F , with respect to a union of twin-cosets
H̄ =

󰁖d−1
j=1 Hj having overall size (d − 1) · |H|. It sends the oracles
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[qβ,1] , . . . , [qβ,d−1]

for their values over D, and λ to the verifier. The overall identity to be
proven is therefore

C󰁛

i=1

βi−1 · Pi (si , p1, . . . , pw , (p1 ◦ T ) , . . . , (pw ◦ T ))

= vH ·

󰀳

󰁃λ · vH̄ +
d−1󰁛

j=1

vH̄
vHj

· qβ,j

󰀴

󰁄

The verifier samples a random DEEP query, i.e. a random point
γ ←− C (F )\(D ∪ H) drawn uniformly from the circle curve over the
extension field F , and sends it to the prover.
The prover answers with the evaluation claims
(γ, vi ,1) , (T (γ), vi ,2) , i = 1, . . . ,w , for the witness polynomials
pi (X ,Y ), and (γ, vj), j = 1, . . . , d − 1, for the segment polynomials
qβ,j(X ,Y )
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Both prover and verifier engage in the batch circle FRI for the real
and imaginary parts of the DEEP quotients,

Re / lm

󰀕
pi − vi ,0

vγ

󰀖
,Re / lm

󰀕
pi − vi ,1
vT (γ)

󰀖

for each i = 1, . . . ,w , and

Re / lm

󰀕
qβ,1 − v1

vγ

󰀖
, . . . ,Re / Im

󰀕
qβ,d−1 − vd−1

vγ

󰀖

which is a joint proximity test to the circle code CN(F ,D), where
N = |H|.

If circle FRI passes, and if the evaluation claims satisfy the overall identity
at (X ,Y ) = γ, the verifier accepts. (Otherwise, it rejects.)
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Thanks! Kob-khun kub!
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